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Abstract Let R be a Noetherian ring. We denote by G(R) the simple graph whose vertices are elements of R
and in which two distinct vertices x and y are joined by an edge if x − y is a zero-divisor of R. Let G(R) be
the complementary graph to G(R) and χ(R) be the chromatic number of the graph G(R). In this paper, we
determine the chromatic number χ(R). Let P1, . . . , Pt be all maximal prime divisors of (0). If χ(R) is finite,
then
χ(R) = min{|R/Pi |; i = 1, 2, . . . , t}
where |R/Pi | denotes the number of the set R/Pi .
Mathematics Subject Classification 05C15 · 13E05
First, we collect the basic notions and results of graph theory for later use. For a simple graph G, V (G) denotes
the set of vertices of G and E(G) denotes the set of edges of G. We color the vertices of G so that no two
joined vertices have the same color. If we color the vertices, we call it a coloring of G. The chromatic number
χ(G) of the graph G is the minimum number of colors needed to color G.
Let C be a non-empty subset of V (G). We call C a clique of G if every pair of two distinct elements of C
is joined by an edge. The clique number C(G) of G is the number of vertices in the largest clique of G.
For a set S, |S| denotes the number of element of S.
Our notation is standard and for unexplained terms, our general reference to commutative algebra is [1]
and [5], and our general reference to graph theory is [2].
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Lemma 1 (cf. [6, Lemma 3]) The inequality C(G)  χ(G) holds.
The symbol
∐
denotes the disjoint union of sets.
Lemma 2 (cf. [6, Lemma 4]) Let V1, V2, . . . , Vt be non-empty subsets of V (G). Let







be a disjoint union of V (G) such that no pair of two distinct elements of Vi is joined by an edge for i =
1, 2, . . . , t . Then χ(G)  t .
Let G1 and G2 be two simple graphs. We say that G1 is a subgraph of G2 if the following conditions hold:
(1) V (G1) ⊂ V (G2), (2) E(G1) ⊂ E(G2).
The proof of the following lemma is obvious, so we omit it.
Lemma 3 If G1 is a subgraph of G2, then χ(G1)  χ(G2).
Let G be a simple graph. We define the complementary graph G of G to be a graph satisfying the following
conditions:
(1) V (G) = V (G).
(2) Let x and y be two distinct vertices of G. Then, x and y are joined by an edge in G if and only if x and y
are not joined by an edge in G.
Let R be a commutative ring with the identity element. An element x is called a zero-divisor of R if there
exists a non-zero element y of R such that xy = 0. We denote by Z(R) the set of zero-divisors of R. We
consider the simple graph G(R) whose vertices are elements of R and in which two distinct vertices x and y
are joined by an edge if x − y is in Z(R). Let χ(R) denote the chromatic number of the graph G(R) and let
V (R) denote the set of vertices of G(R).
G(R) denotes the complementary graph to G(R) and χ(R) denotes the chromatic number of the graph
G(R).
In our previous paper [6], we have shown that if χ(R) is finite, then R is an integral domain or a finite ring.
On the other hand, even if χ(R) is finite, R is not necessarily a finite ring as the following example shows.
Before we proceed to Example 4, we collect some notions and results of commutative algebra for later use.
Let N be an R-module. For an element x of N , AnnR(x) = {c ∈ R; cx = 0} is called the annihilator ideal
of x . We say a prime ideal P of R is an associated prime ideal of N if there exists an element x of N such that
P = AnnR(x). AssR(N ) denotes the set of all associated prime ideals of N . We consider the case N = R. If
R is Noetherian, then AssR(R) consists of prime divisors of (0) in the primary decomposition of (0) ([5, (8.E)
Lemma and (8.G) Theorem 11]).
Example 4 Let Z be the ring of integers and set F2 = Z/2Z. Let F2[S, T ] be a polynomial ring over F2 in
indeterminates S and T . Let s and t be the residue classes of S and T in F2[S, T ]/(ST, S2) respectively. Then,
F2[s, t] = F2[S, T ]/(ST, S2). Set
R = F2[s, t][t X ]
where X is an indeterminate and set M = (s, t, t X).
Then the following assertions hold:
(1) M is a maximal ideal of R.
(2) |R/M| = 2.
(3) (s) is a prime ideal of R.
(4) (0) = (s) ∩ (t, t X).
(5) (t, t X) is an M-primary ideal of R.
(6) AssR(R) = {(s), M}.
(7) |R| = ∞.
(8) χ(R) < ∞.
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Proof (1) and (2) are trivial since R/M is isomorphic to F2.
(3) It is clear that R/(s) ∼= F2[T ][T X ] and F2[T ][T X ] is an integral domain.








n1 is a finite sum, a0 and an are in F2[s, t] for n = 1, 2, . . .. Furthermore, a0 is written as





and b0, b1, cm ∈ F2 form = 1, 2, . . .. Assume that f is in (s)∩(t, t X). Then b0 = b1 = 0 because f ∈ (t, t X),
and an = cm = 0 for n = 1, 2, . . . and m = 1, 2, . . . because f ∈ (s) = {0, s}. Hence f = 0. This implies
that (0) = (s) ∩ (t, t X).
(5) Since M2 = (t2, (t X)2) ⊂ (t, t X) ⊂ M and M is maximal, (t, t X) is M-primary by [3, Ch. 4, section
2, no 1, example 3]).
(6) Let AnnR(t) be the annihilator ideal of t . Then (s) = AnnR(t). Similarly, we have M = AnnR(s).
Hence AssR(R) = {(s), M}.
(7) Trivial.
(8) By Proposition 5 below, we see that χ(R) < ∞. unionsq
We call Q a maximal prime divisor of (0) if Q is in AssR(R) and Q is a maximal element in AssR(R) with
respect to inclusion. We know that Z(R) = ∪Q where the union is taken over all maximal prime divisors Q’s
of (0) in AssR(R). ([4, Theorem 80 and its proof])
Proposition 5 Assume that there is only one maximal element in AssR(R), say M. Then the following asser-
tions hold:
(1) χ(R) is finite if and only if |R/M| < ∞.
(2) If χ(R) is finite, then χ(R) = |R/M|.
Proof (1) Assume that χ(R) is finite. Let x1 + M, x2 + M, . . . , xt + M be distinct residue classes of R/M .
Then xi − x j 
∈ M = Z(R) for i 
= j . Therefore, {x1, x2, . . . , xt } is a clique of G(R). By Lemma 1,
t  χ(R) and hence |R/M| is finite.
Conversely, assume that |R/M| < ∞. Set |R/M| = t and let x1 + M, x2 + M, . . . , xt + M be all residue
classes of R/M . Note that (x + a) − (x + b) = a − b ∈ M for elements x + a, x + b in x + M . Set
V1 = x1 + M, V2 = x2 + M, . . . , Vt = xt + M.
Then, we see that







is a disjoint union of V (G(R)) such that no pair of two distinct elements of Vi is joined by an edge for
i = 1, 2, . . . , t . Hence by Lemma 2, we get χ(R)  t . This shows that χ(R) is finite.
(2) From the argument of the proof of the assertion (1), it is easily seen that χ(R) = |R/M|. unionsq
Lemma 6 Let P1, . . . , Pt be distinct prime ideals of R. Let n be a positive integer and assume that
|R/P1|  n, . . . , |R/Pt |  n.
Then there exist elements z1, . . . , zn of R such that
zi − z j 
∈ P1 ∪ · · · ∪ Pt
for i, j ∈ {1, 2, . . . , n} with i 
= j .
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Proof Let
x (1)u + Pu, x (2)u + Pu, . . . , x (n)u + Pu
be distinct residue classes of R/Pu for u = 1, 2, . . . , t . Set S = R − P1 ∪ · · · ∪ Pt and I = P1 ∩ · · · ∩ Pt .Then
RS is a semi-local ring with maximal ideals (P1)S, . . . , (Pt )S . By Chinese remainder theorem we have an
isomorphism
















α1 = (x (1)1 + (P1)S, x (1)2 + (P2)S, . . . , x (1)t + (Pt )S),
. . .
αn = (x (n)1 + (P1)S, x (n)2 + (P2)S, . . . , x (n)t + (Pt )S).
Then there exist elements y1s1 , . . . ,
yn
sn














Set s = s1 · · · · · sn and
z1 = s y1
s1
, . . . , zn = s yn
sn
.
Then z1, . . . , zn are elements of R and
φ(z1 + IS) = sα1, . . . , φ(zn + IS) = sαn .
We shall show that zi − z j 
∈ P1∪· · ·∪ Pt for i, j ∈ {1, 2, . . . , n}with i 
= j . Suppose the contrary. Then there
are indices i, j with i 
= j and u such that zi − z j ∈ Pu . Note that x (i)u − x ( j)u 
∈ Pu, zi − sx (i)u ∈ (Pu)S and
z j −sx ( j)u ∈ (Pu)S . Then zi −z j −(sx (i)u −sx ( j)u ) is in (Pu)S . Since zi −z j ∈ Pu , we get s(x (i)u −x ( j)u ) ∈ (Pu)S .
This implies that x (i)u − x ( j)u ∈ Pu because s 
∈ Pu . This is a contradiction. unionsq
Proposition 7 Let R be a Noetherian ring and let P1, . . . , Pt be all maximal prime divisors of (0). If χ(R) is
finite, then there exists an index u such that |R/Pu | is finite.
Proof Assume that χ(R) is finite and
|R/P1| = ∞, . . . , |R/Pt | = ∞.
Set n = χ(R) + 1. Then by Lemma 6 there exist elements z1, . . . , zn of R such that
zi − z j 
∈ P1 ∪ · · · ∪ Pt = Z(R)
for i, j ∈ {1, 2, . . . , n} with i 
= j . Hence {z1, . . . , zn} is a clique of G(R), and by Lemma 1 we have
n  χ(R) = n − 1. This is absurd. Therefore, there exists an index u such that |R/Pu | is finite. unionsq
Lemma 8 Let P be a prime ideal of R. Let G
′
be the graph whose vertices are elements of R and in which
two distinct vertices x and y are joined by an edge if x − y 
∈ P. If |R/P| is finite, then χ(G ′) = |R/P|.
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Proof Set n = |R/P| and let x1+P, . . . , xn+P be distinct residue classes of R/P . Set V1 = x1+P, . . . , Vn =








is a disjoint union of V (G
′
) such that no pair of two distinct elements of Vi is joined by an edge for i =
1, 2, . . . , n. By Lemma 2, we get χ(G
′
)  n. On the other hand, {x1, . . . , xn} is a clique of G ′ , hence
χ(G
′
)  n. Therefore, χ(G ′) = |R/P|. unionsq
Lemma 9 Let R be a Noetherian ring and let P be a maximal prime divisor of (0). If |R/P| is finite, then
χ(R) is finite and χ(R)  |R/P|.
Proof Let G
′
be the graph as in Lemma 8. Since P ⊂ Z(R), we see that G(R) is a subgraph of G ′ . Lemma 3
implies that χ(R)  χ(G ′). By Lemma 8, we have χ(G ′) = |R/P|. Hence, χ(R) is finite and χ(R)  |R/P|.
unionsq
Theorem 10 Let R be a Noetherian ring. Then the following assertions hold:
(1) χ(R) is finite if and only if there exists an element P of AssR(R) such that |R/P| is finite.
(2) Let P1, . . . , Pt be all maximal prime divisors of (0). If χ(R) is finite, then
χ(R) = min{|R/Pi |; i = 1, 2, . . . , t}.
Proof (1) If χ(R) is finite, then by Proposition 7 there exists a maximal prime divisor P of (0) such that
|R/P| is finite.
Conversely, if there exists an element P of AssR(R) such that |R/P| is finite. Then there exists a maximal
prime divisor Q of (0) such that P ⊂ Q. Since |R/Q|  |R/P|, we see that |R/Q| is finite. Then, Lemma
9 shows that χ(R) is finite.
(2) If χ(R) is finite, then min{|R/Pi |; i = 1, 2, . . . , t} is finite by the argument of the proof of the assertion
(1). Set n = min{|R/Pi |; i = 1, 2, . . . , t}. Then |R/P1|  n, . . . , |R/Pt |  n. By Lemma 6, there exist
elements z1, . . . , zn of R such that zi − z j 
∈ P1 ∪ · · · ∪ Pt = Z(R) for i, j ∈ {1, 2, . . . , n} with i 
= j .
Hence {z1, . . . , zn} is a clique of G(R) and χ(R)  n by Lemma 1. On the other hand, by Lemma 9,
χ(R)  n. Hence
χ(R) = n = min{|R/Pi |; i = 1, 2, . . . , t}.
unionsq
Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
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